Abstract: This paper emphasizes on finding the solution for a foam drainage equation using the technique of modified homotopy analysis transform method (MHATM). MHATM is a new amalgamation of the homotopy analysis method and Laplace transform method with homotopy polynomial. Comparisons are made between the results of the proposed method for different values of fractional derivative α and exact solutions. Then, we analyze the results by numerical simulations, which demonstrate the simplicity and effectiveness of the present method.
Introduction
In the past few decades, developments of the fractional derivative and fractional differential equations are the emerging tools in the field of fractional calculus [1, 2] . Fractional differential equations (FDEs) have been the focus of many studies due to their frequent appearances in various applications in fluid mechanics, viscoelasticity, biology, physics, electrical network, control theory of dynamical systems, chemical physics, optics and signal processing, as they can be modeled by linear and non-linear fractional order differential equations [3] [4] [5] .
In the open literature there exist no methods that produce an exact solution fractional differential equations, especially it is hard to obtained for nonlinear equa-tions. Only approximate solutions can be derived using linearization or successive or perturbation methods. Some of these are Adomian's decomposition method [6] , variation iteration method [7] , homotopy perturbation method [8] , homotopy analysis method [9, 10] , homotopy asymptotic method [11] and differential transform method [12] .
In recent years, many authors have paid attention to studying the solutions of linear and nonlinear partial differential equations by using various methods combined with the Laplace transform. These include the Laplace decomposition methods [13] , the homotopy perturbation transform method [14] and the homotopy analysis transform method [15, 16] .
The aim of this paper is to apply for the first time the homotopy analysis transform method to study the solution of time-fractional foam drainage model described by [17] 
subject to the initial condition:
It is a simple model of the flow of liquid through channels (Plateau borders) and nodes (intersection of four channels) between the bubbles, driven by gravity and capillarity [18] . Previously the Eq. (1) have been studied by different researcher using the methods like Adomian's decomposition method [19] and homotopy analysis method [20] . But as far the possible information of the authors this is the first attempted for finding the approximate analytical solution of Eq. (1) by using MHATM method.
Rest of the paper organized as follows: paper stated with introduction and some basic needful definition. Basic idea of modified homotopy analysis transforms method is presented in section 2. Application and numerical discussion of the MHATM method for approximate solution of time-fractional foam drainage model is given in section 3. Finally, conclusions are drawn in section 4.
where L [u(x, t) ] is the Laplace transform of the function u(x, t) with respect to the variable t.
Basic idea of modified homotopy analysis transforms method
To demonstrate the elementary idea of the MHATM for the fractional partial differential equation, we consider the following general fractional partial differential equation: 
Now, using the differentiation property of the Laplace transform, we have
We define the nonlinear operator
where q ∈ [0, 1] be an embedding parameter and ϕ(x, t; q) is the real function of x, t and q. By means of generalizing the traditional homotopy analysis methods [21, 22] , construct the zero order deformation equation
where is a nonzero auxiliary parameter which helps us to increase the convergence results, H(x, t) an auxiliary function, u 0 (x, t) is an initial guess of u(x, t) and ϕ(x, t; q) is an unknown function. It is important that one has great freedom to choose auxiliary parameters in MHATM. This freedom plays an important role in establishing the keystone of validity and flexibility of MHATM. Obviously, when q = 0 and q = 1, it holds
respectively. Thus, as q increases from 0 and 1, the solution varies from the initial guess u 0 (x, t) to the solution u(x, t). Expanding ϕ(x, t; q) in Taylor's series with respect to q, we have .
For the sake of convenience, the expression in nonlinear operator form has been modified in homotopy analysis transforms method i,e the nonlinear term N[x, t]u(x, t) is expanded in terms of homotopy polynomials [23] as
If the auxiliary linear operator, the initial guess, the auxiliary parameter and the auxiliary function are properly chosen, the series (2.6) converges at q = 1, we have
which must be one of the solutions of original nonlinear equations. Defines the vectors
Differentiating equation (2.5) m time with respect to embedding parameter q and then setting q = 0 and finally dividing them by m!, we obtain the m−th order deformation equation
(2.9) Operating the inverse Laplace transform on both sides, we get In this way, it is easy to obtain um(x, t) for m ≥ 1, at M−th order, we have
um(x, t), (2.12) when M → ∞, we get an accurate approximation of the original equation (2.1).
The novelty of our proposed algorithm is that a new correction functional in the nonlinear term as a series of homotopy polynomials in the u m(x, t). We combine the new hybrid iterative algorithm for nonlinear fractional partial differential equations arising in science and engineering.
Application of MHATM and numerical discussions
For the application of MHATM, we have consider timefractional foam drainage model as follows:
1) subject to the initial condition:
For α = 1, the exact solutions of Eq. (3.1) is given by [17] ,
Applying the Laplace transform on both sides in Eq. (3.1) and after using the differentiation property of Laplace transform for fractional derivative, we get
We choose the linear operator as
with property L[c] = 0, where c is a constant. We now define a nonlinear operator as
(x, t; q)ϕxx(x, t; q)
− 2ϕ 2 (x, t; q)ϕx(x, t; q) + ϕ Using the above definition, with assumption H(x, t) = 1, we construct the so-called zeroth-order deformation equation
Obviously, when q = 0 and q = 1
Thus, we obtain the m−th order deformation equation
Operating the inverse Laplace transform on both sides in Eq. (3.7), we get
where
Now the solution of m−th order deformation equations (3.7) is Finally, we have
um(x, t).
Using the initial approximation
and the iterative scheme (3.10), we obtain the various iterates 
Numerical discussion
In this section, we discussed the obtained results from the previous section through different graphical representations. Figure 1 represents comparisons of the 4th order approximate solution of the function u(x, t) for different values of the fractional derivative α with the known exact solution. It can be noted that there exist a very good agreement between them.
To validate the efficiency and accuracy of the analytical scheme, we give the absolute error curve E 4 = u(x, t) − u 4 (x, t) . Figure 2 shows that our solution obtained by proposed methods converges very rapidly to the exact solutions in only 4th order approximations.
The behavior of the approximate analytical solution of Eq. (3.1) obtained by the MHATM for different fractional Brownian motions α = 0.7, α = 0.8, α = 0.9 and standard motions, i.e. α = 1 is shown in fig. 3 . It is seen from fig.  3 that the solution obtained by MHATM method increases very rapidly with the increases in t at the value of x = 1. 
